The dynamic behavior of skin friction and heat release of a cylinder in pulsating cross-flow are investigated. Existing analytical solutions are presented as transfer functions versus frequency, known from control theory. Newly found expressions are given for Reynolds number ranges, where no appropriate model exist until now. These expressions are obtained by the combination of CFD simulation and system identification (CFD/SI).
INTRODUCTION
The flow around a cylinder in cross-flow is a fundamental problem in thermo-fluiddynamics. Its steady-state behavior has been subject to extensive research and details can be found in many textbooks [1] . The problem of a cylinder in pulsating cross-flow is explored in far less detail. In many applications, however, flow may not be steady, but fluctuating. In a Rijke tube [2; 3; 4] self-sustained oscillations occur because of the time lagged behavior of the heat release of a heated wire in crossflow. The dynamic behavior is also of interest in other applications like hot wire anemometry [5] , domestic boilers [6] or gas turbines [7] . Naturally, the dynamics of the velocity field have a great impact on the heat transfer. The flow field is investigated in terms of skin friction which, in addition, is the major part of the drag at low Reynolds numbers. Thus, also the dynamic behavior of the drag on a cylinder is characterized. The impact of pulsating flow on heat transfer and skin friction of a cylinder was investigated analytically and numerically in the past, but the respective models were presented in different frameworks and with different limitations. The first study was published by Lighthill [8] and is one of the most recognized until now. Under the assumption that the dynamics of a cylinder are mainly governed by the stagnation point flow at the front quarter, the boundary layer equations for this case ("Hiemenz layer") were solved approximately. This led to two solutions for skin friction and heat release; one for low frequencies and one for high frequencies.
Gersten [9] solved the same equations numerically, using a series expansion in frequency. Similar results were achieved, but with more consistent values for intermediate frequencies. Especially the description of the skin friction dynamics is more consistent. Solutions were developed for stagnation point flow and flow over a flat plate ("Blasius layer").
Starting with the Oseen equations, Bayly [10] developed a model for the unsteady heat transfer at very low Péclet numbers i.e. Re Pr 1 to be used for wires in Rijke tubes or hot wire anemometers. Oseen's approximations allowed for the problem to be solved for a real cylindrical geometry. The skin friction was not addressed in this study.
This work presents the existing analytical solutions in a unifying framework, namely as transfer functions versus frequency. This representation is well known from control theory and allows the use of ubiquitous dimensionless numbers like Reynolds and Prandtl numbers for the problem description. Expressions for a range of Reynolds numbers, where no appropriate model exist until now, are given. These expressions are achieved by the combination of CFD simulation and system identification (CFD/SI).
PROBLEM DESCRIPTION
In the problem at hand a cylinder is subject to a laminar crossflow with temperature difference ∆T between cylinder surface and ambient conditions. The velocity u of the approaching flow is fluctuating in time, which leads to fluctuations in heat release and skin friction. Figure 1 depicts a sketch of the problem.
The flow around a cylinder is described by the Navier-Stokes equations. Some assumptions are made a priori to simplify the equations and to facilitate comparison with previous studies. Fluctuations are assumed to travel instantaneously i.e. the cylinder is acoustically compact. Furthermore, a constant temperature difference ∆T between cylinder and free field facilitates the heat transfer and fluid properties, namely density ρ, viscosity ν, heat conductivity λ and heat capacity c p are assumed to be constant. Thus, the ambient and cylinder temperatures are not part of this 
where Pr = 0.71 is chosen as a typical value for air. Nußelt number and skin friction coefficient can be written as
to quantify heat transfer and friction drag. Here, n denotes the wall-normal direction of the cylinder surface scaled with d. The quantities Re, Nu and c f can be seen as the linear combination of a steady value (index 0 ) and a fluctuation ( ). Transfer functions linking these fluctuations can be defined as
The Strouhal number Sr ≡ (ω d)/u 0,∞ is a non-dimensional expression for the frequency of the fluctuation.
DATA GENERATION AND MODEL IDENTIFICATION
CFD simulations of the problem at hand are used to generate time series data. The inlet velocity is created as the superposition of a fixed mean value and a fluctuation in time. This fluctuation is specifically designed to have high power spectral density over the range of frequencies that are of interest (0 ≤ Sr ≤ 40). This excitation never exceeds 30% of the mean flow, thus the response is linear and time invariant [11] .
The desired quantities; heat release, skin friction and inlet velocity are acquired from the simulation for every time increment that is calculated until all relative residuals are below a threshold of 10 −6 . This is achieved using a merged PISO/SIMPLE algorithm to solve the incompressible Navier-Stokes equations and a The computation was performed on a two dimensional grid representing one half of the cylinder, which is justified by the fact that flow below Re ≈ 47 is symmetric. Grid spacing and temporal discretization were chosen to resolve the unsteady boundary layer even at high frequencies (Sr = 40), which scales with (ReSr) −1/2 , reasonably well. A total of almost 40,000 cells was used to discretize the computational domain for simulations with 0.1 ≤ Re ≤ 4 and 158,000 for 4 < Re ≤ 40. This results in a resolution of the cylinder surface by 144 and 288 cells respectively.
The acquired time series, which are at least 200 d/u 0,∞ long, are used for two different purposes. Firstly, the agreement of existing models with simulation data is assessed and secondly, new models are identified especially in cases where the agreement between response of the existing model and CFD simulated response is poor.
To compare model response and simulated response, a normalized root mean square error (NRMSE) is calculated, using the CFD solution as a reference. The NRMSE-fit is given by
where the subscript ( ref ) is either a CFD simulation or frequency response data. A fit of Φ = 100% indicates perfect agreement and values below Φ = 0% imply a worse match than just a constant mean value. The CFD/SI method, combining numerical simulation with system identification was proposed by Polifke et al. [13] . It has been applied to various problems in aero-acoustics and thermoacoustics [7] .
For the identification, the chosen model structure is an output error (OE) model which, in discrete time t = kT s (T s is the sampling time) takes the form
with the polynomials
denoting the transfer function and a noise term e[k]. Nu and c f are is substituted for y depending on which transfer function is identified. The backward-shift operator (q −n x[k] = x[k − n]) is used to relate to past inputs, and n b and n f are the orders of the polynomials i.e. the model orders. The coefficients of the polynomials b 0 . . . b n b and f 1 . . . f n f are found during identification by nonlinear regression. The transfer function can easily be converted into an expression for the frequency response or from discrete time to continuous time representation. The system identification procedures are implemented in MATLAB [14] .
SKIN FRICTION FREQUENCY RESPONSE Comparison to existing models
The models coming closest to a description of the dynamic behavior of the skin friction are given by Lighthill and Gersten. However, no single model exists for the whole range of Strouhal numbers considered, but only approximations for high and low values of Sr are given. For this reason the approach of splitting the response in two regimes, low and high frequencies is discussed in the following sections.
All identified transfer functions, using OE model structure, had at least three coefficients in both polynomials B(q) and F(q) to represent the data accurately. The models fit the acquired data reasonably well (Φ > 97%). In addition, the identified parameters vary with Reynolds number. Considering the approach by Lighthill and Gersten to use the boundary layer equations, no dependence on Reynolds number was obtained their models. 
It is translated into a frequency response by applying s = i Sr which matches the original series by Gersten to Φ = 98% NRMSE. Comparing to CFD data the model provides a fit of about Φ = 85% for low Reynolds numbers (Re = 0.1) but it drops to Φ = 55% at Re = 40. Although Gersten's approach relies on the existence of a boundary layer, the fit at lower Reynolds numbers is better. It predicts lower amplitudes than CFD and this discrepancy increases with Reynolds number.
Low frequency response
At low frequencies i.e. small values of Sr, Lighthill reports an "anticipation time" for the skin friction of τ = 0.05d/u 0,∞ for the Hiemenz layer and τ = 1.7d/u 0,∞ for the Blasius layer. The pressure gradient necessary to accelerate the flow acts faster on the boundary layer than on the free stream. This creates the impression of the skin friction anticipating a change in velocity which can be seen as a phase lead in the frequency response given by
where K is the steady-state gain. The steady-state gain is reported by Lighthill to have a value of K = 1.5, due to the fact that c f ∼ u 3/2 0,∞ . It is stated that the approximation for the phase is applicable for Sr < 20.
Gersten's anticipation time is about τ = 0.15d/u 0,∞ and his model shows a smooth transition from low to high frequencies. The applicability of the low frequency approximation is limited to Sr < 3 in this case. The low frequency limit is reported to be K = 1.85. CFD/SI results show an approximate anticipation time of 0.7d/u which is not depending on Reynolds number. Low frequency limits are changing with Reynolds number with values only slightly above unity for small Re (regime of linear drag) and approaching 2 (drag ∼ u 2 0,∞ ).
High frequency approximation
At high frequencies all models agree on a square root dependence of the frequency response on Strouhal number. This is closely related to a "shear wave" solution, which also predicts the constant phase lead of 45 • . The frequency response may be approximated by
where the Reynolds number dependence is evaluated by a regression on the data from CFD/SI and is reasonably accurate in the range 0.1 ≤ Re ≤ 40 and Sr > 5. Time lag and steady-state gain according to Lighthill's approximation for low frequencies are determined to 0.2 d/u 0,∞ and 0.5 respectively. The frequency response thus reads
HEAT TRANSFER FREQUENCY RESPONSE Comparison to existing models
Lighthill states that expression (11) is only applicable if Sr < 20. However, the heat transfer shows the behavior of a low-pass filter and as the limits
show; high frequencies have very low gain and a phase lag of 90 • , which agrees well with the high frequency approximation. Assuming a Prandtl number of order unity Bayly gives a limit solution for Re → 0. The dimensionless frequency chosen in this work is Sr/(Re Pr) and thus includes a dependence on Reynolds number not present in Lighthill's model. Introducing the pertur- bation parameter δ = [− ln(Re Pr) + ln(4) − γ E ] −1 the frequency response can be written as
where γ E ≈ 0.577 is the Euler constant. Low and high frequency limits can be denoted by
Similar to equation (8) the freqency response given in expression (12) is used to identify a transfer function for the heat release in the form of a ratio of polynomials (equation 5). The analytic frequency response can be approximated by G Nu = δ 1.071s 2 + 2.909s + 1.173 s 3 + 5.413s 2 + 5.247s + 1.173 (13) as transfer function to very good accuracy (Φ = 99.88%). Substituting s = i Sr/(Re Pr) yields the frequency response.
Identifying the dynamic behavior of heat release fluctuations from CFD data leads to a range of models depending on Reynolds number. The fit of the identified models to validation time data series is Φ > 92% for all Reynolds numbers.
Approximation as first order system
Following Lighthill's model (equation 11), approximations to the higher order identified transfer functions are given as a first order system. In contrast to the skin friction, this is possible here, because the dynamic behavior is governed to a large extend by only one time lag. Thus, an expression of the form
is assumed for the frequency response and steady-state gain K and time constant τ are evaluated to
by linear regression over 9 identified models in the range 0.4 ≤ Re ≤ 40. The goodness of fit for the models by Lighthill and Bayly as well as the first order approximation presented here is shown in figure 6 . Additionally, the Φ-values for the best identified models are given which correspond to the frequency responses depicted in figures 4 and 5 as solid lines.
As already reported by the respective authors Lighthill's and Bayly's model have limited applicability in the range 0.1 < Re < 40. Bayly's model shows high accuracy for Re → 0, but should not be used for Reynolds numbers above 0.5. Lighthill states that his model is applicable if a laminar boundary layer exists and gives Re > 10 as limit, but better accuracy can be achived by using the Reynolds number dependent model presented here. Low frequency approximation A model very often used in thermoacoustic applications is that of a time lagged heat release; the so called n − τ model. It assumes that an output depends only on one past input which occurred some time τ in the past, scaled with interaction index n. 
similar to the low frequency approximation for G c f . It has a constant gain of n and the phase decreases linearly. This behavior only resembles the frequency responses of skin friction at very low frequencies (equation (9)). In this case the Reynolds number dependent constants can be taken from the first order approximation (equation (15)). The advantage of this approximation is, that the convolution equation, necessary to determine the heat transfer for any velocity perturbation, reduces to a simple multiplication and thus reduces complexity. However, it is important to note that for τ Sr = 1 the difference in amplitude is already more than 49% and about 12 • in phase. At τ Sr = 3 the amplitude is more than 384% too high and the difference in phase is greater than −π/2.
CONCLUSION
As can be seen from the results, a complete unification in the manner of a Reynolds analogy is not possible in the dynamic case. However, for the dynamic behavior of the heat release and the skin friction existing models could be translated into transfer functions, which are polynomials in Sr (or q in discrete time). All analytical models rely on model assumptions that are not valid in the case of Reynolds numbers of order unity or 10. Therefore, new models are identified from simulations using the full incompressible Navier-Stokes equations. These models show a dependence on Reynolds number, which has not been addressed in such detail before. This Reynolds number dependence is used to build new models, which represent an improvement to existing models without introduction too much additional complexity.
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